We present a simulation-based method for solving discrete-time portfolio choice problems involving non-standard preferences, a large number of assets with arbitrary return distribution, and, most importantly, a large number of state variables with potentially path-dependent or non-stationary dynamics. The method is flexible enough to accommodate intermediate consumption, portfolio constraints, parameter and model uncertainty, and learning. We first establish the properties of the method for the portfolio choice between a stock index and cash when the stock returns are either iid or predictable by the dividend yield. We then explore the problem of an investor who takes into account the predictability of returns but is uncertain about the parameters of the data generating process. The investor chooses the portfolio anticipating that future data realizations will contain useful information to learn about the true parameter values. * We thank
expectations but take these expectations as inputs to the portfolio optimization along each path. Our approach is also related to the "parameterized expectations" method of den Haan and Marcet (1990) for solving dynamic macroeconomic models.
2 The difference is that we use regressions across a large number of sample paths instead of along a single path. The across-path regressions allow us to solve finite-horizon problems, which may be path-dependent and non-stationary, as opposed to only stationary infinite-horizon problems. Finally, our discrete-time approach complements the simulation method of Detemple, Garcia, and Rindisbacher (2003) for solving continuous-time portfolio choice problems in complete markets. Although the methods are complements in their applications, they are conceptually very different. Detemple, Garcia, and Rindisbacher rely on the assumption of complete markets to express the dynamic problem as a static one (as in Cox and Huang, 1989, and Aït-Sahalia and Brandt, 2003) and use simulations to evaluate the unconditional expectations under the equivalent Martingale measure. We use regressions across simulations to evaluate conditional expectations under the physical measure.
We first apply our method to the portfolio choice between a stock index and cash when the stock returns are either iid or predictable by the dividend yield of the index. We use this simple setup to analyze the potential sources of error in our approach. In particular, we use the iid returns case to establish that the Taylor series expansion of the expected utility induces only minimal approximation errors. (These results are of independent interest for static portfolio problems with higher-order moments.) We use the predictable returns case, which has been studied by Brennan, Schwartz, and Lagnado (1997) , Balduzzi and Lynch (1999) , Brandt (1999) , Campbell and Viceira (1999) , and Barberis (2000) , among others, to show that our method delivers the same solution as more traditional approaches. To further assess the numerical accuracy of our method, we also perform a Monte Carlo experiment. We find that the simulation-induced errors of the optimal portfolio weights and the corresponding loss in the certainty equivalent return on wealth are negligible.
As a more challenging and also economically more interesting application of our method, we then explore the problem of an investor who takes into account the predictability of returns but is uncertain about the parameters of the data generating process. The investor chooses the portfolio anticipating the effect of learning about the true parameter values from each new data realization between the initial portfolio choice and the end of the investment horizon. Specifically, we consider the same problem as Barberis (2000) of a Bayesian investor who faces returns which appear marginally predictable by the dividend yield. Unlike Barberis, however, we do not assume that between the initial decision at date 0 and the terminal date T the investor's beliefs about the parameters are unchanged and therefore reflect only the information available at the initial decision. Instead, we allow the investor to update these beliefs and thereby learn about the true parameter values with each new return and dividend yield realization between dates 0 and T .
Learning in discrete time is a challenging application because it involves a large number of state variables with non-linear and possibly non-stationary dynamics. For example, the usual VAR model for dividend yield predictability involves seven parameters and, given uninformative or conjugate priors, the joint posterior distribution of these parameters is characterized by 11 state variables (the dividend yield and, in standard regression notation, the unique elements of X X, X Y , and (Y − X(X X) −1 X Y )(Y − X(X X) −1 X Y ) ). The evolution of the state variables depends on the newly observed return, dividend yield, their squares, and cross-product. It is therefore clearly non-linear. For more elaborate model specifications, such as when the degree of return predictability is allowed to fluctuate, or with economically motivated non-conjugate priors in the spirit of Black and Litterman (1992) and Connor (1997) the posterior distribution of returns is characterized by even more state variables and the dynamics of these state variables may become non-stationary.
Given the proliferation of state variables, fully incorporating learning in a discrete time portfolio choice problem has until now been deemed computationally infeasible. Brennan (1998) and Barberis (2000) examine the effect of learning about the unconditional risk premium of stocks but ignore the evidence of predictability. They find that for a CRRA investor who is more risk averse than the log utility case, learning about the unconditional risk premium can lead to substantial negative hedging demands (i.e., deviations from the myopic portfolio choice). A long-horizon investor who anticipates learning about the unconditional risk premium in the future allocates substantially less wealth to equities than an investor who is either myopic or does not learn. Xia (2001) studies the effect of learning about predictability with a known unconditional risk premium and a known unconditional mean of the predictive variable.
3 Her results show that learning about predictability can also induce hedging demands but that the sign and magnitude of these hedging demands depend on the horizon and current value of the predictive variable.
Unfortunately, it is difficult, if not impossible, to infer from these existing results the effect of simultaneously learning about the unconditional risk premium, predictability, and the moments of the predictor. Intuitively, a new data realization provides information about 3 Related work on learning about a time-varying risk premium include Detemple (1986) , Dothan and Feldman (1986) , and Gennotte (1986) . the unconditional risk premium, the difference between the conditional and unconditional risk premium, or both. Updating on the difference between the conditional and unconditional risk premium, in turn, can be due to learning about predictability or due to learning about the unconditional mean of the predictive variable and hence about the difference between the current value of the predictor and its mean (if the current value of the predictor is further from its updated mean, the conditional risk premium is further from the unconditional risk premium). Furthermore, since the majority of the literature on learning is set in continuous time where second moments are typically assumed known, the effect of learning about second moments on a discrete time portfolio choice is still unexplored. The aim of our application is to start filling these gaps in the literature. This paper is, to our knowledge, the first to provide a solution to a reasonably realistic discrete time portfolio choice problem with learning about all parameters of the return generating process.
Our empirical results show that both the parameter uncertainty and the effect of learning tend to reduce the investor's allocation to stocks. We find that learning about the parameters of the data generating process induces a negative hedging demand for stocks. The intuition for this hedging demand is that a positive return innovation leads to an upward revision of the unconditional and/or conditional expected return (depending on the value of the dividend yield), which constitutes a subjective improvement in future investment opportunities. By reducing the holdings of stocks, the investor can hedge this effect. In our experiment, the negative hedging demand due to learning tends to dominate the positive hedging demand induced by the dividend yield predictability. This shows that learning can qualitatively change the solution of the dynamic portfolio choice problem. Our results also suggest that partially incorporating learning is better, in terms of certainty equivalent return on wealth, than ignoring this aspect of the portfolio choice problem.
The remainder of this paper is structured as follows. We describe the basic algorithm in Section 2. In Section 3, we discuss some implementation issues and extensions. The applications of the method are in Section 4. We conclude in Section 5.
The Method

The Investor's Problem
Consider the portfolio choice at time t of an investor who maximizes the expected utility of wealth at some terminal date T by trading in N risky assets and a risk-free asset (cash) at times t, t + 1, . . . T − 1.
4 Formally, the investor's problem is:
subject to the sequence of budget constraints:
where x s is a vector of portfolio weights on the risky assets chosen at time s, R e s+1 is the vector of excess returns on the N risky assets from time s to s+1, and R f is the gross return on the risk-free asset (assumed constant for simplicity). 5 The function u(·) measures the investor's utility of terminal wealth W T and the subscript on the expectation denotes that it is conditional on the information set Z t available at time t. For concreteness, we can think of the information set Z t as a vector of state variables.
The intertemporal portfolio choice is a dynamic problem. At time t the investor chooses the portfolio weights x t conditional on having wealth W t and information Z t . In this decision, the investor takes into account the fact that at every future date s the portfolio weights will be optimally revised conditional on the then available wealth W s and information Z s .
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The function V t (W t , Z t ) denotes the expectation at time t, conditional on the information Z t , of the utility of terminal wealth W T generated by the current wealth W t and the subsequent optimal portfolio weights {x *
is termed the value function. It represents the value, in units of expected utils, of the portfolio choice problem to the investor. Another interpretation of the value function is that it measures the investor's investment opportunities. If the current information suggests that investment opportunities are good, meaning that the sequence of optimal portfolio choices is expected to generate an above average return on wealth with below average risk, the current value of the portfolio choice problem to the investor is high. If investment opportunities are poor, the value is low.
The dynamic nature of the portfolio choice is best understood by expressing the multiperiod problem (1) as a single-period problem with utility V t+1 (W t+1 , Z t+1 ) of next 4 We discuss the case of intermediate consumption in Section 3.1. 5 We can relax the constant risk-free rate assumption by including R f t in the vector of state variables Z t . 6 The information Z s contains the investor's wealth W s , which means that conditioning on both quantities is technically redundant. However, the investor's wealth is an unusual state variable because it is endogenous to the portfolio choice. We therefore consider it separately from the exogenous information.
period's wealth W t+1 and information Z t+1 :
The second equality follows from the law of iterated expectations, and the third equality uses the definition of the value function as well as the budget constraint. It is important to recognize that the expectation in the third line is taken over the joint distribution of next period's returns R t+1 and information Z t+1 , conditional on the current information Z t .
The recursive equation (3) is the so-called Bellman equation and is the basis for any recursive solution of the dynamic portfolio choice problem. The first-order conditions (FOCs) for an optimum at each time are:
where ∂ 1 V t+1 (·, ·) denotes the partial derivative with respect to the first argument of the value function. These FOCs make up a system of nonlinear equations involving (possibly high-order) integrals that can in general be solved for x t only numerically.
For illustrative purposes, consider the case of constant relative risk aversion (CRRA) utility u(W T ) = W T 1−γ /(1 − γ), where γ denotes the coefficient of relative risk aversion. The
Bellman equation then simplifies to:
With CRRA utility, the value function next period V t+1 (W t+1 , Z t+1 ) can be expressed as the product of the utility of wealth u(W t+1 ) and a function of the state variables ψ t+1 (Z t+1 ).
Furthermore, since the utility function is homothetic in wealth we can, without loss of generality, normalize W t = 1. It follows that the value function depends only on the state variables and that the Bellman equation is:
The corresponding FOCs are:
which, despite being simpler than the general case, can still only be solved numerically.
This CRRA utility example also helps to illustrate the difference between the dynamic and myopic (single-period) portfolio choice. If the excess returns R e t+1 are contemporaneously independent of the innovations to the state variables Z t+1 , the (T − t)-period portfolio choice is identical to the single-period portfolio choice at date t because the conditional expectation in equation (6) factors into a product of two conditional expectations. The first expectation is of the utility of next period's wealth u(W t+1 ) and the second expectation is of the function of the state variables ψ t+1 Z t+1 . Since the latter does not depend on the portfolio weights, the FOCs of the multiperiod problem are the same as those of the single-period problem. If, in contrast, the excess returns are not independent of the innovations to the state variables, the conditional expectation does not factor, the FOCs are not the same, and, as a result, the dynamic portfolio choice may be substantially different from the single-period portfolio choice. The differences between the dynamic and myopic policies are called hedging demands because by deviating from the single-period portfolio choice the investor tries to hedge against changes in the investment opportunities (or, equivalently, in the state variables).
Step 1: Expanding the Value Function
We can simplify the problem significantly by expanding the value function in a Taylor series around the current value of wealth growing at the risk-free rate W t R f . In the case of a second-order expansion, the approximated value function is:
where ∂ 2 1 V t+1 (·, ·) denotes the second partial derivative with respect to the first argument of the value function. In this case, the FOCs have a closed-form solution in terms of the joint conditional moments of the value function and the returns in the next period:
This approximate solution for the optimal weights involves two conditional expectations. The first expectation is the second moment matrix of returns (essentially the covariance matrix)
scaled by the second derivative of the value function next period. The second expectation involves the risk premia of the assets scaled by the first derivative of the value function.
Unfortunately, a second-order expansion of the value function is sometimes not sufficiently accurate, especially when the utility function departs significantly from quadratic utility or when the returns are far from Gaussian. We therefore work with a fourth-order expansion that includes adjustments for the skewness and kurtosis of returns and their effects on the utility of the investor. The approximation of the value function is then:
4 .
In this case, the FOCs define only an implicit solution for the optimal weights in terms of moments of the value function and the returns in the next period:
It is easy to solve this implicit expression for the optimal weights in practice. We start by computing the portfolio weights for the second-order expansion of the value function and take this to be an initial "guess" for the optimal weights, denoted x t (0). We then enter this guess on the right-hand side of equation (11) and obtain a new solution for the optimal weights on the left-hand-side, denoted x t (1). After a few iterations n, the guess x t (n) is very close to the solution x t (n + 1) and we take this value to be the solution of equation (11).
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Consider again the case of CRRA utility with V t+1 (W t+1 , Z t+1 ) = u(W t+1 ) ψ t+1 (Z t+1 ). The solution for the second-order expansion of the value function is:
(12)
where the second line follows from the fact that u(W t R f ) and its derivatives are deterministic and the third line uses the definition of relative risk aversion γ.
Equation (12) illustrates more clearly the relation between the dynamic and myopic portfolio policies. If the returns are contemporaneously independent of the innovations to the state variables, both expectations factor into two terms, with one term in common, and, as a result, the portfolio weights reduce to the familiar mean-variance form:
(13)
Otherwise, the dynamic and myopic portfolio choices differ. The extent to which they differ depends on the contemporaneous correlation of the excess returns, squared returns, and cross-products of returns with the innovations to the state variables.
This first step of our method involves two choices: the order of the expansion and the wealth level around which to expand the value function. In theory, the expansion converges as the order increases for any feasible expansion point, suggesting that we want the order of the expansion to be as large as possible and that the expansion point is fairly arbitrary. However, in practice, where we face a tradeoff between the accuracy of the approximation and the computational efficiency of our method, these two choices are intimately related.
For a low-order expansion to be relatively accurate, the expansion point should be as close as possible to the realized wealth next period. Since little more is known about the accuracy of low-order expansions, we have to rely on experimentation to determine whether a given expansion order and expansion point combination is acceptable for the assumed horizon, rebalancing frequency, return distribution, and utility function. In our experience, a fourthorder expansion around W t R f is very accurate for the various problems we have considered (see Section 4). Furthermore, the method appears much more sensitive to the order of the expansion than to the expansion point. Indeed, the results from second-and fourthorder expansions can be quite different, whereas expanding the value function around wealth growing at the expected return of the myopic portfolio policy gives virtually identical results to expanding around the wealth growing at the riskfree rate.
Step 2: Simulating Sample Paths
The second step of our solution method consists of simulating forward a large number of hypothetical sample paths of the vector Y t = [R e t , Z t ]. Each of these paths is simulated independently from the model:
where t+1 denotes a vector of innovations with conditional distribution g( t+1 | t , t−1 , . . .).
If we assume that the investor knows the true form and parameters of the data generating process, the model f (·; ·) is either calibrated to or estimated from the data. The innovations t are sampled from a known distribution (such as a multivariate log-normal distribution) or are resampled from the data (bootstrapped). If we relax the unrealistic assumption of a known data generating process, the Y t are simulated from the joint posterior distribution of the returns and state variables, given the data and the investor's prior distribution over the model and parameter space (see Section 4.3 for detail). In either case, we enumerate 
Step 3: Computing Expectations through Regressions
We solve recursively for the optimal portfolio weights at each date t for each simulated sample path m. Assume that the optimal portfolio weights from time t + 1 to T − 1 have already been computed and are denoted byx s , s = t + 1, ..., T − 1. We approximate the terminal wealth as the current wealth growing at the riskfree rate for one period [see equation (8)] and subsequently growing at the return generated by the optimal portfolio policy to get:
Equation (9) for the portfolio weights involves conditional expectations at time t of A t+1 and B t+1 . A t+1 and B t+1 themselves involve conditional expectations at time t + 1 as follows:
(16)
Note that the expressions inside the conditional expectation operator can be easily calculated for each simulated path.
Consider now the problem of solving for the current portfolio weights,x t , given the current wealth W (9) is given by:
where the second equality follows from the law of iterated expectations. In the last equality, a and b denote the realized values that correspond to A and B. Thus, we can directly compute the portfolio weights from conditional expectations of a t+1 or b t+1 , which in turn are functions of the investor's utility of terminal wealth, the future optimal portfolio policy, and the return paths. In this way, we avoid writing the optimal portfolio solution as a function of the derivatives of the value function next period. The benefit of this is that any errors in evaluating the value function do not propagate in the backward recursions. The task ahead reduces to evaluating the conditional expectations of the expressions inside the square brackets in equation (18).
We parameterize these expectations as functions of the state variables:
where y t+1 stands for a generic element of a t+1 or b t+1 , ϕ(Z t ) denotes a vector of polynomial bases in Z t , and θ t are parameters to be estimated. For simplicity, we use as bases a simple power series in Z t :
The key feature of the parameterized expectation (19) is its linearity in the (nonlinear) functions of the state variables. This linearity implies that we can evaluate the parameters θ t through a simple least squares regression of the realized values y m t+1 at time t + 1 against the polynomial bases ϕ(Z m t ) at time t across the simulated sample paths.
12 The fitted values of this regression, denotedŷ m t+1 , are then used to construct estimates of the conditional expectations of A t+1 | t and B t+1 | t , denotedÂ m t+1 | t andB m t+1 | t , respectively. These estimates of the conditional expectations, in turn, yield estimates of the optimal portfolio weights at time t for each path m:
From a practical perspective, it is important to recognize that for each date t we only need to compute the fitted values for a single set of regressions (one for each unique element of the matrices A t+1 | t and B t+1 | t ) which means not only that we can afford a large number of simulations to control the simulation error (M = 10, 000 in our applications) but also that we can vectorize the algorithm to avoid nested loops (in t and m).
Although it is not explicitly required to do so for the calculation of portfolio weight, we can also evaluate the value function at date t and for all simulated paths m. Recall that the value function at time t is the conditional expectation of the final utility of wealth under the sequence of optimal portfolio choices at dates t, t + 1, ..., T − 1:
wherex s denotes the optimal portfolio weights at date s. We evaluate the conditional expectation in equation (22) The algorithm proceeds recursively backward. A noteworthy feature of the recursions is that the errors in the approximation of the value function propagate (and cumulate) through the backward recursions only to the extent that the approximation errors in the portfolio weights affect the expected utility of terminal wealth. However, it is well known that even first-order deviations in the optimal portfolio policy have only second-order welfare effects [Cochrane (1989) ]. As a result, the propagation and accumulation of the approximation error due to the Taylor series expansion of the value function is kept to a minimum.
Extensions and Implementation Issues
Intermediate Consumption
Our simulation method extends to the case of intermediate consumption, where the investor chooses each period the level of consumption and the asset allocation for the wealth that is not consumed. Assuming additive time-separable preferences, the value function is:
and the terminal condition c T = 1, where c s denotes the fraction of wealth consumed at time s and β is a subjective discount factor.
Analogous to the case without intermediate consumption, we expand the value function at time t+1 around a deterministic wealth of (1−c)W t R f . We letc be the optimal consumption for a deterministic problem in which the investor's wealth grows at the risk-free rate for the remaining T − t periods (effectively setting x s = 0, for s = t, t + 1, · · · , T − 1).
A second-order expansion of the value function is:
Solving the implied FOCs for the optimal portfolio and consumption choices yields:
Similar expressions can be obtained for a fourth-order expansion of the value function.
Equations (26) and (27) must be solved simultaneously. 13 However, in our experience, the following iterative procedure is quite effective. Starting with an initial "guess" for c t (0), we solve for the portfolio weights x t (1) from equation (26). We then use these portfolio weights to solve for the consumption choice c t (1) from equation (27) . After a few iterations n, the guesses {x t (n), c t (n)} are very close to the solutions {x t (n + 1), c t (n + 1)} and we take these values to be the solutions to the system of two equations (26) and (27).
Alternative Objective Functions and Portfolio Constraints
Except with CRRA utility, the portfolio choice depends on the investor's current wealth.
The current wealth, in turn, depends on the sequence of past returns and past portfolio choices, which are unknown at the current time because we solve the problem recursively backward. To overcome this problem, we recover at each time t and for each path m the full mapping from the current wealth W m t to the portfolio choice by solving the problem for a grid of wealth levels ranging from a lower bound of W t to an upper bound ofW t . For each current wealth level on this grid, we construct the realized y m t for the across-path regressions 13 A notable exception is the case of CRRA utility, for which the portfolio choice is independent of the consumption choice. The CRRA consumption choice, however, still depends on the portfolio choice.
by interpolating the portfolio choices at all future dates s = t + 1, · · · , T − 1, which depend on the future wealth realizations, from the sequence of mappings between the wealth and portfolio choice recovered in the previous recursions. Notice that since the wealth resulting from the optimal portfolio choices grows over time, the upper and lower bounds of the wealth grid must also be changed in order to maintain a certain coverage of the wealth distribution at each time. The best way to accomplish this depends on the particular application at hand.
14 Using this approach, our method can handle virtually any objective function, as long as it is four times differentiable. This includes portfolio choice problems in which the investor derives utility from consumption or wealth in excess of a reference level [Samuelson (1989) , Dybvig (1995) , Jagannathan and Kocherlakota (1996) , Schroder and Skiadas (2001) ] and problems in which the investor exhibits behavioral biases such as loss aversion, ambiguity aversion, or disappointment aversion [Benartzi and Thaler (1995) , Liu (1999b) , Aït-Sahalia and Brandt (2001) , Ang, Bekaert, and Liu (2002) , Gomes (2002) ]. Our method can also be applied to problems of more practical interest, such as maximizing Sharpe or information ratios, beating or tracking a benchmark, controlling draw-downs, or maintaining a certain value-at-risk (VaR) [Roy (1952) , Grossman and Vila (1989) We can also incorporate portfolio constraints, such as limits on borrowing or shortsales. These constraints are important in practice for a variety of investors, including private individuals, mutual funds, and pension plans. To incorporate portfolio constraints, we solve the approximate problem at each future date along each simulated path subject to the constraints. Since the constrained problems typically do not have a closed form solutions, they must be solved numerically. For this, we rely on an extensive literature on effective and fast algorithms for solving high-dimensional constrained optimization problems, including variants of the Newton method [Conn, Gould, and Toint (1988) , Moré and Toraldo (1989) ], the quasi-Newton or BFGS method [Byrd, Lu, Nocedal, and Zhu (1995) ], and the sequential quadratic programming approach [Gill, Murray, Saunders (2002) ].
15
14 Suppose each period the log returns on the optimal portfolio are approximately normally distributed with mean µ p and volatility σ p . An intuitive parmeterization of the upper and lower bounds in this case is W 0 exp{µ p t ± kσ p √ t} for some constant k, where, for example, k = 2.6 yields a 99 percent coverage of the wealth distribution at time t given the initial wealth at time 0.
15 See also the survey of constrained optimization algorithms by Conn, Gould, and Toint (1994) .
Using Regressions for Conditional Expectations
Longstaff and Schwartz (2001) and Tsitsiklis and Van Roy (2001) provide partial convergence results for the use of across-path regressions to value American-style options. These results are extended by Clément, Lamberton, and Potter (2001), who show that for a fixed order of the polynomial bases, the Longstaff-Schwartz estimator (of the option price) is normally distributed around the true projection of the price onto the polynomial bases with convergence rate √ M . Their theorems can be adapted to our setting to show that the portfolio weights from our method converge to the optimal weights of the second-or fourthorder expansion of the investor's utility function.
There are many basis functions we can use for evaluating the conditional expectations, including Chebyshev, Hermite, Laguerre, and Legendre orthogonal polynomials. Longstaff and Schwartz (2001) report numerical evidence that even a simple power series is effective and that the order of the polynomial needs not be very high for reliable option pricing. We present similar results in Section 4.1 for the dynamic portfolio choice problem. In any case, increasing the order of the polynomial just increases the number of regressors, which is not a concern because we can simultaneously increase the number of sample paths to maintain the same level of numerical accuracy. For large numbers of state variables, we can follow the suggestions of Judd (1999) and use complete polynomials, for which the number of basis functions increases linearly rather than exponentially with the number of state variables.
We need to be somewhat concerned about numerical issues though. It is well understood that OLS regressions are susceptible to outliers, and our regressions are potentially plagued by outliers because the curvature of the utility function tends to amplify the spread of the terminal wealth. Even sequences of relatively normal returns sometimes result in extreme realizations of the terminal utility and its derivatives. We can address this outliers problem either through robust regression estimators, such as an M-estimator, or through more simple α-trimmed OLS regressions, where some fraction α of the extreme observations in both tails are omitted from the OLS regression. It is encouraging, however, that we have encountered serious outliers problems only at extremely long horizons (because the variance of the realized terminal wealth grows approximately linearly with the horizon).
Computation Speed
Despite the use of simulations, our method is relatively fast. In the applications we describe below, it takes less than a couple of minutes to solve a 40-period portfolio choice problem with one risky asset and as many as ten state variable on a standard PC with a Pentium 1.8MHz processor and 512MB of RAM.
Applications
Investing in Stocks with IID Returns
We first apply our method to the static (or single-period) portfolio choice between a stock index and cash of a CRRA investor with relative risk aversion γ ranging from five to 20 and a holding period ranging from one month to one year. The purpose of this application is to quantify the approximation error due to the Taylor series expansion of the value function. We assume a constant risk-free rate of six percent per year and model the excess stock return as iid log-normal with a mean and volatility that match the sample moments of the historical data from January 1986 through December 1995 on the value weighted CRSP index. The sample moments are provided for reference in the caption of Table 1 . The sample is chosen to match the period studied by Barberis (2000) to make our results comparable to his. Table 1 presents in the columns marked x the exact solution of this problem. These columns show the optimal fraction of wealth allocated to stocks obtained by solving the investor's first-order condition using quadrature integration.
16 The columns marked x 2 and x 4 show the approximate allocations from a second-and fourth-order Taylor series expansion of the utility function. The sub-panels present results for different holding periods, and the rows correspond to different levels of risk aversion. Finally, the numbers in parentheses are the losses in the certainty equivalent return on wealth, quoted in annualized basis points, due to the error in the approximation of the value function.
The results show that the magnitude and economic significance of the approximation error depend on both the return horizon and the curvature of the utility function. Consider first the horizon effect. The second-order approximation leads to little expected utility loss at the monthly horizon (0.12 to 0.48 basis points) but a substantial loss at the annual horizon (as much as 57 basis points). The intuition for this result is that the wealth distribution is more spread out at longer horizons because the return variance increases approximately linearly with the horizon, causing the higher-order terms of the expansion to be more important. The effect of changing risk aversion is less straightforward. At all horizons, the expected utility loss due to the approximation decreases with the level of risk aversion, which is counterintuitive considering that the curvature of the utility function increases with risk aversion.
The reason for this result is that the increase in the curvature of the utility function is only one of two offsetting effects. The other effect is that the investor allocates substantially less 16 Although the returns are assumed to be iid, the optimal portfolio weights are not constant across different holding periods. This is because we calibrate the long-horizon return distributions to the corresponding longhorizon sample moments rather than scale the monthly sample moments using the iid assumption. With scaled moments the horizon-irrelevance result of Merton (1969) and Samuelson (1969) holds exactly.
wealth to stocks as risk aversion increases (76 percent with γ = 5 versus 19 percent with γ = 20 at the monthly horizon). This causes the wealth distribution to be less spread out and, as a result, reduces the importance of the higher-order terms of the expansion. The variance of wealth effect dominates the curvature of the utility function effect, causing the accuracy of the second-order approximation to increase with the level of risk aversion.
Table 1 also shows that the fourth-order expansion of the utility function performs substantially better than the second-order expansion. For the monthly, quarterly, and semi-annual holding periods the difference between the exact and fourth-order approximate allocations is less than 0.05 in magnitude (in most cases even less than 0.01), irrespective of the level of risk aversion, and the associated expected utility loss is negligible. Even for the annual holding period, the difference between the exact and approximate solutions is in all cases less than 0.15 with an expected utility loss of at most twenty basis points.
We conclude from this first application that the second-order expansion of the value function is satisfactory for short holding periods and high levels of risk aversion. The fourthorder expansion performs uniformly better than the second expansion and, more importantly, results in an accurate approximation of the true solution in all cases considered.
Investing in Stocks with Predictable Returns
We next consider the dynamic (or multiperiod) portfolio choice of a CRRA investor between a stock index and cash when the stock returns are predictable by the dividend yield of the index. This stylized asset allocation problem has received much attention recently [Brennan, Schwartz, and Lagnado (1997) , Balduzzi and Lynch (1999 ), Brandt (1999 ), Campbell and Viceira (1999 , Barberis (2000) ] because it illustrates clearly the differences between the dynamic (or multiperiod) and myopic (or single-period) portfolio choices. The main goal of this application is to establish the properties of our solution method relative to the more traditional approach of discretizing the state space.
We assume the following restricted VAR as the quarterly data generating process: where r e t is the log excess return on the value weighted CRSP index and d t − p t denotes the log dividend yield of the index, computed from the sum of the past 12 monthly dividends and the current level of the index. The VAR is estimated using quarterly data from January 1986 to December 1995, which again matches the sample of Barberis (2000) . In parentheses are Newey and West (1987) adjusted t-statistics.
The restricted VAR in equation (28) is very similar to the model used by Campbell and Viceira (1999) and Barberis (2000) . The predictability along with the extreme persistence of the dividend yield induce slow mean-reversion in returns and thereby cause long-horizon returns to be less variable than iid returns [Barberis (2000)]. Furthermore, the strong negative correlation between the return and dividend yield innovations (correlation of −0.95) induces substantial differences between the myopic and dynamic portfolio policies (hedging demands). The investor can hedge against changes in the dividend yield, which are associated with changes in future expected returns, by over-allocating wealth to the stock index relative to the myopic portfolio choice [Campbell and Viceira (1999) , Barberis (2000) ].
Figure 1 plots the optimal portfolio weight as a function of the investment horizon for γ ranging from five to 20. The dashed, dotted, and solid lines represent the optimal allocation of wealth to stocks conditional on the dividend yield being equal to one standard deviation below, at, or one standard deviation above the historical average, respectively. The horizon ranges from two quarters to five years (20 quarters). The results are based on 10,000 simulated sample paths and a fourth-order expansion of the value function.
Reminiscent of the results of Barberis (2000) , the allocation to stocks increases with the horizon. The differences between the quarterly and long-horizon allocations represent the hedging demand, or the excess demand for stocks to hedge against unexpected changes in the dividend yield and (through the dividend yield) in future expected returns. The fraction of wealth invested in stocks reaches a steady-state level at a horizon of five to ten years. This steady-state solution corresponds to an infinitely-lived investor and is therefore comparable to the results of Campbell and Viceira (1999) . The allocation to stocks decreases both with increasing risk aversion and with decreasing values of the dividend yield. Table 2 examines in more detail the optimal portfolio choice in the case of γ = 10. The table describes three competing portfolio policies: 'U' denotes the unconditional policy, where the fraction of wealth invested in stocks is chosen according to the unconditional return distribution; 'M' is the myopic policy, where each period the allocation is conditioned on the dividend yield assuming only a single-period horizon; and 'D' denotes the optimal dynamic portfolio policy. For each policy, the table reports the fraction of wealth allocated to stocks and the certainty equivalent return on wealth from following that policy.
17 To assess the numerical accuracy of our solution, we repeat the algorithm 1,000 times using different sets of simulations. We report in parentheses the standard deviations of the portfolio weights and the certainty equivalents of wealth across these repetitions.
Relative to the unconditional portfolio policy, the myopic policy allocates less (more) wealth to stocks when the dividend yield is below (above) its historical mean.
18 Conditioning the investment decision on the dividend yield generates an impressive gain in expected utility. For a five-year horizon, the gain is as much as an annualized 2.6 percent difference in the certainty equivalent return on wealth or an overall 13.69 percent difference in the certainty equivalent of wealth over the five-year horizon. Furthermore, conditioning on the dividend yield in a dynamic instead of myopic fashion produces substantial differences in the portfolio weights. For instance, at the five-year horizon the difference between the dynamic and myopic stock holdings is almost 40 percent. The expected utility gain from investing optimally versus myopically is of the same order of magnitude as the gain from the myopic conditional versus unconditional portfolio choice. For a five-year horizon, the certainty equivalent return on wealth increases by as much as 0.7 percent per year, which translates into an overall 3.55 percent difference in the certainty equivalent of wealth over the five-year horizon. Table 2 also provides evidence on the precision of our numerical solution method. The standard errors on the portfolio weights computed from the Monte Carlo experiment are always less than 1.67 percent in magnitude, and represent no more than 1/15th of the portfolio weight. The standard errors on the certainty equivalent of wealth are negligible with the maximum loss in wealth being only 10 basis points. Table 3 provides a direct comparison of our solution method to the more traditional dynamic programming approach of discretizing the state space used by Barberis (2000) among others. We discretize the unconditional distribution of the dividend yield into 25 equally-spaced values in the interval E[d t − p t ] ± 3 Std[d t − p t ] and solve the dynamic problem recursively backwards on this grid. For each future date and every point in the discretized state space, we evaluate the conditional expectation in equation (6) with 10,000 one-step ahead simulations of the stock return and dividend yield from the VAR, and we interpolate the value function whenever the future realization of the dividend yield does not coincide with 17 We also calculate the certainty equivalent return on wealth from following the policy in an independent set of simulations or "out-of-sample". To apply the portfolio policy out-of-sample, we first linearize it by regressing the portfolio weights on the state variables across the sample paths. The certainty equivalent expected utility gain computed with the independent set of simulations is within a few basis points of the in-sample expected utility gain. These results are available upon request.
18 The difference between the two policies when the dividend yield is equal to its historical mean is due to the fact that the unconditional variance of stock returns is greater than the conditional variance.
one of the grid points. The table reports for both solution methods the optimal allocation to stocks for the case of γ = 10 when the dividend yield is equal to one standard deviation below, at, or one standard deviation above the historical average at horizons ranging from two quarters to five years (20 quarters).
The table shows that the two numerical solution methods yield very similar portfolio weights, with most of the differences between the stock allocations being less than one percent in magnitude.
19 The associated differences in expected utility are negligible (and are therefore not reported in the table). An important practical difference between the two methods, which is not apparent in the table, is that our simulation method is much faster (by a factor of almost ten) than the discretized state space approach.
The results in tables 2 and 3 and in Figure 1 are obtained with a linear specification of the conditional expectations of A t+1 , B t+1 , C t+1 (x t ), and D t+1 (x t ) in equation (11). Although linear expectations do not correspond to a linear value function, since we project the derivatives of the value function on the basis function, it is important to understand how sensitive the solution is to this linearity assumption. In Table 4 we compare the portfolio policies obtained with linear basis functions (which we copy for reference from Table 2 ) to policies with quadratic basis functions. At short horizons of up to two years, the stock holdings and the annualized in-and out-of-sample certainty equivalent returns on wealth are virtually identical across the two sets of basis functions. At longer horizons of five to ten years, there are small differences in the portfolio weights (as much as one percent). However, the expected utility from implementing the portfolio policy actually deteriorates slightly when we add quadratic regressors. This is probably because the regressions with quadratic basis functions are more sensitive to outliers than with linear basis functions. 20 Both the differences in the computed portfolio weights and the certainty equivalent of wealth are of the order of magnitude of the standard errors on these quantities computed from the Monte Carlo experiment. This suggests that the differences are insignificant so that there is no apparent advantage to increasing the order of the basis functions.
Finally, to assess the magnitude of simulation error in our solution method, we investigate further the role of the number of simulated paths used in the algorithm. Table 5 shows standard errors of the portfolio weights and certainty equivalent return on wealth as we vary the number of simulated paths from 1,000 to 10,000. The standard errors are computed from 1,000 replications of the algorithm. The results confirm the intuition that the standard errors of both the portfolio weights and the certainty equivalent return on wealth decline with the number of simulations. As few as 10,000 simulation paths are sufficient to reduce the standard errors to negligible levels. For instance, the maximum standard error on the certainty equivalent return on wealth is only 10 basis points for a 5 year horizon.
Investing in Stocks While Learning About the Return Model
Having established the properties of our method for a relatively simple portfolio problem, we turn to a more challenging and economically more interesting application. We consider the problem of an investor who takes into account the predictability of returns but is uncertain about the parameters of the return model. The Bayesian portfolio choice literature, pioneered by Zellner and Chetty (1965) , Klein and Bawa (1976) , and Brown (1978) , argues that in the presence of parameter uncertainty the unknown objective return distribution in the expected utility maximization (1) should be replaced with the investor's subjective posterior return distribution reflecting the information contained in the historical data and the investor's prior beliefs about the parameters. In the case of the restricted VAR in equation (28), this idea has been implemented in a single-period portfolio problem by Kandel and Stambaugh (1996) and partially implemented in a multiperiod problem by Barberis (2000) . Both studies demonstrate that parameter uncertainty is an important dimension of risk which can substantially lower the investor's optimal allocation to stocks.
Fully incorporating parameter uncertainty in a multiperiod portfolio problem is more complicated than in an otherwise identical single-period problem. The reason is that the multiperiod solution should take into account the fact that the posterior distribution changes each period as the investor incorporates the information contained in the new data realizations into the posterior beliefs. This learning process increases dramatically the dimensionality of the state space (from one to 11 state variables in the restricted VAR example shown below) and has not been studied before computational reasons. There are a few exceptions in the literature which deal with learning about individual elements of the parameter vector, including Brennan (1998), an example in Barberis (2000), and Xia (2001).
However, due to the limited scope of learning, these studies are much more informative about the overall importance of learning in the multiperiod portfolio choice than about the sign and magnitude of the effects in a more realistic setting in which the investor is uncertain about all the parameters of the model. The proliferation of state variables and the documented economic importance of learning in the mutiperiod portfolio choice make the problem of learning about the entire return generating process an ideal application of our numerical solution method.
To formalize the setup of this application, we express the restricted VAR in equation (28) generically as:
where
, and t+1 = [ 1,t+1 , 2,t+1 ]. Assuming the investor has standard non-informative prior beliefs about the parameters [B, Σ] given by:
the posterior beliefs about the parameters, denoted p(B, Σ|Y, X), are characterized by: [Zellner (1977) ]. Finally, we obtain the investor's posterior distribution of the data next period by integrating the conditional (on the dividend yield and unknown parameters) distribution implied by the model (29) against the posterior distribution of the parameters in equation (31).
If we ignore learning, as in Barberis (2000), the Bayesian multiperiod portfolio choice problem is essentially the same as when the investor knows the return generating process.
There is one state variable, the current dividend yield, which fully characterizes the conditional distribution of returns. The only difference is that each period the conditional expectation is evaluated with respect to the investor's posterior distribution of returns (conditional on d t − p t ), which turns out to be a student-t distribution with a variance somewhat larger than the sample variance of returns to reflect the parameter uncertainty.
With learning, however, the conditional posterior distribution of returns changes from one period to the next as new information is incorporated into the investor's beliefs each period. The posterior distribution therefore becomes part of the state space describing the conditional distribution of returns. Specifically, the posterior distributions in equation (31) are fully characterized by the matrices X X, X Y and S. One set of sufficient state variables for the investor's multiperiod problem are therefore the unique elements of these matrices along with the current dividend yield, for a total of 11 state variables. This proliferation of state variables explains why fully incorporating parameter uncertainty with learning into the multiperiod portfolio choice has until now been deemed computationally infeasible.
Solving this problem with our simulation based method is as straightforward as in the previous two applications. Along each simulated path, we update the posterior distributions of the parameters given the previously simulated return and dividend yield and then simulate the next return and dividend yield from the updated posterior predictive distributions. The way the posterior distributions evolve along each path emulates the investor's learning about the return generating process. We then solve the dynamic optimization problem backward as usual, using as state variables in the across-path regressions the realizations of the dividend yield and the realizations of the unique elements of X X, X Y and S in each future period.
To get a better sense for the role of learning in the dynamic portfolio choice, we compare three different portfolio problems corresponding to three different subjective data generating processes. The results labeled 'C' are for an investor who takes the parameters as constant at the point estimates given in equation (28), as in the previous application. 'N' denotes the case in which the investor takes into account parameter uncertainty but does not learn from new data realizations. This is the case examined by Barberis (2000) . Finally, the results labeled 'L' are for an investor who learns about the return generating process.
With learning, the conditional moments of the stock return and dividend yield vary along each simulated sample path. The way the first moments change is highly correlated with the new data realizations (discussed further below) but does not exhibit any systematic pattern across horizons. The second moments, in contrast, are highly horizon-dependent. Figure 2 illustrates this horizon pattern by plotting the conditional second moments of the excess stock return and changes in the dividend yield as functions of the horizon for the three assumptions about parameter uncertainty and learning. More specifically, for each horizon we plot the average conditional standard deviations (annualized) and correlation of the two variables across the 10,000 simulated sample path. The dashed, dotted, and solid lines correspond to the cases 'C', 'N', and 'L', respectively.
Parameter uncertainty with and without learning ('N' and 'L') causes the conditional second moments to be initially higher than in the constant parameter case ('C'). At the one-quarter horizon, for example, parameter uncertainty adds about 0.5 percent to the annualized volatility of stock returns. As Barberis (2000) explains, without learning the role of parameter uncertainty increases with the horizon because along each sample path the randomness in the parameters is perfectly positively correlated. With learning, in contrast, the role of parameter uncertainty diminishes gradually as the investor learns about the return generating process. In particular, after 10 years of learning the effect of parameter uncertainty has vanished, so the posterior volatility of stock returns is equal to the volatility of stock returns under the assumption of constant parameters. In the case of the dividend yield, the posterior standard deviation with learning actually falls below the standard deviation with constant parameters. The reason is that with learning the average autocorrelation of the dividend yield increases slightly with the horizon, making changes in the dividend less volatile. Finally, notice that the correlation between the return and dividend yield innovations, in the third column of the table, decreases in magnitude with parameter uncertainty but is unaffected by the assumption about learning. This is because the horizon pattern in the standard deviations documented in the first two columns are exactly offset by a corresponding pattern in the covariance between the return and dividend yield innovations for the no learning cases. Table 6 examines the dynamic portfolio choice for an investor with γ = 10. For each assumption about parameter uncertainty and learning, the table reports the fraction of wealth allocated to stocks in Panel A and the annualized certainty equivalent return on wealth from following that policy in Panel B. We evaluate all three portfolio policies under the assumption of learning (i.e., using the simulations for the 'L' case). Therefore, we address the question of how much better off is an investor who ends up learning about the return generating process by explicitly incorporating parameter uncertainty and learning in the dynamic portfolio optimization. This is the relevant question because it is always optimal for the investor to learn and committing not to do so is time-inconsistent.
Relative to the constant parameter case in the previous application, the portfolio policies which incorporate parameter uncertainty invest substantially less in stocks. For instance, at the ten-year horizon, the 'N' policy invests almost 20 percent less in stocks than the 'C' policy. As Barberis (2000) explains, this result is attributable to the increased posterior variance of returns due to parameter uncertainty. Incorporating the effect of learning further reduces the allocation to stocks. For a ten-year horizon with the initial dividend yield at its historical average, the allocation to stocks with learning is only 20.3 percent, almost 35 percent lower than the allocation in the case of parameter uncertainty without learning and almost one-fourth of the allocation in the constant parameter case. Table 6 also shows that the magnitude of the difference in the stock allocation increases both with the horizon and with the current value of the dividend yield. For instance, the difference between the 'C' and 'L' policies is only six percent at the one-year horizon but a substantial 35 percent at the five-year horizon. As we discuss below, this pattern in the results is mostly due to hedging demands induced by learning.
The benefits of incorporating learning are apparent from the certainty equivalent returns on wealth in Panel B. The greater stock holdings in the constant parameter and parameter uncertainty without learning cases leads to substantial welfare losses relative to the learning case. Furthermore, the expected utility gains from investing optimally versus ignoring parameter uncertainty or ignoring learning are of the same order of magnitude. For a 10-year horizon, the certainty equivalent return on wealth of the 'L' policy is 5.8 percent per year higher than for the 'C' policy and 5.5 percent higher than for the 'N' policy. Over the 10-year period, these gains translate into a more than 70 percent difference in the certainty equivalent of wealth. The certainty equivalent gains increase both with the horizon and with the current value of the dividend yield, which is consistent with the finding above that the differences between the optimal portfolio weights increase in the same dimensions.
There are two reasons for the optimal portfolio choice in the case of parameter uncertainty with learning to be different from the case of parameter uncertainty without learning. First, with learning, the conditional volatility of stock returns drops over time as the parameter uncertainty is resolved (recall Figure 2) . This makes investing in stocks less risky toward the end of the horizon than at the beginning and therefore causes the investor to be more conservative initially. The longer the horizon, the greater is the difference between the riskiness of investing in stocks at the beginning and end of the horizon. As a result, the larger is also the difference between the optimal allocations with and without learning.
Second, the revisions in the beliefs about the return generating process, which determines the future investment opportunities, are strongly correlated with returns, inducing additional hedging demands. Table 7 quantifies these effects. Panel A shows the differences between the dynamic and myopic allocations. Panel B presents the associated differences in the certainty equivalent return on wealth, evaluated again under the assumption of learning.
Consistent with the prior literature, the hedging demands increase with the horizon for both the 'C' and 'N' policies. This pattern in the optimal allocations is due to the strong negative correlation between the returns and innovations in the dividend yield.
As demonstrated originally by Barberis (2000), parameter uncertainty lowers the hedging demand. The reason is twofold. First, parameter uncertainty lowers the investor's overall exposure to stocks and therefore limits the need to hedge against changes in the conditional return distribution. Second, as the role of parameter uncertainty rises with the horizon, the correlation between returns and innovations in the dividend yield decreases, diminishing the investor's ability to hedge against changes in the return distribution.
The most striking result in Table 7 is that, in the case of parameter uncertainty with learning, the hedging demands are negative and even further decreasing with the horizon.
This pattern in the optimal allocation is attributable to two simultaneous effects. The first effect, already discussed above, is that the decreasing conditional volatility of returns due to the resolution of parameter uncertainty causes the investors to be initially more conservative.
The second effect is that the usual positive hedging demand due to the negative correlation between changes in the dividend yield and returns is more than offset by a negative hedging demand due to the positive correlation between changes in the model parameters and the returns. The intuition underlying this offsetting negative hedging demands is as follows. A positive return innovation leads to an upward revision of the unconditional and/or conditional mean return, depending on the value of the dividend yield, which constitutes a subjective improvement in future investment opportunities. Since stocks are therefore a poor hedge against changes in investment opportunities, the investor chooses to allocate less wealth to stocks than in the myopic case or in the case without learning. Figure 3 illustrates more clearly the relative importance of the positive hedging demand due to the negative correlation of changes in the dividend yield with returns and the negative hedging demand due to the positive correlation of changes in the model parameters with returns. The first column isolates the dividend yield effect. It shows the average correlation at different horizons across the simulated sample paths between changes in the conditional mean return and the realized return, holding constant the parameters of the model between dates t and t + 1 but allowing the dividend yield to change. Formally, we compute:
whereB ij,t denotes the {i, j} element of the posterior meanB at date t of the VAR coefficient matrix B. Since this expression reduces to the correlation between excess returns and changes in the dividend yield, it is negative and large in magnitude, consistent with the negative posterior correlation between the VAR residuals in Figure 2 . 21 This negative correlation implies that, holding the parameters of the return model constant, stocks are a good hedge against changes in the conditional mean return, inducing the usual positive hedging demand.
However, the conditional mean return also changes with the investor's posterior beliefs about the VAR coefficients. The second column of Figure 3 isolates this learning effect. It shows the same correlation between the conditional mean return and realized return, except now holding constant the dividend yield and allowing the model parameters to change:
Corr r e t+1 , B 11,t+1 +B 12,t+1
Consistent with the intuition that a positive return innovation leads to an upward revision of the unconditional/conditional mean return, this correlation is large and positive (almost 21 The correlation between returns and changes in the dividend yield is less negative than the correlation between the return and dividend-yield innovations due to the mean reversion in the dividend yield.
perfect at short horizons). Holding constant the dividend yield, returns are then actually a poor hedge against changes in the (subjective) conditional mean return, which means that the learning effect leads to negative hedging demands.
The third column of the figure combines the two effects by showing the average correlation between the conditional mean return and return realization with both the parameters and dividend yield changing. This aggregate correlation is positive but relatively small at short horizons, except at the historical average dividend yield, and it turns negative at horizons of more than five years. We conclude that, at least in our application, the negative hedging demand due to learning tends to dominate the usual positive hedging demand induced by the dividend yield. More generally, this figure demonstrates that fully incorporating learning into the dynamic portfolio choice can qualitatively change the solution of the problem.
In the case of learning ('L'), the gain in the certainty equivalent return on wealth from investing optimally as opposed to myopically is about one percent for a 10-year horizon. Ironically, for an investor who ignores learning ('C' or 'N'), investing in a dynamically "optimal" way as opposed to myopically actually results in a certainty equivalent loss in utility. The magnitude of this loss increases with the horizon and is of the order of two to three percent for a 10-year horizon. The reason for this utility loss is clear. The dynamic policy without learning allocates more wealth to stocks, especially at long horizons, than the corresponding myopic policy. The myopic policy without learning, in turn, is much more similar to the optimal policy with learning. Therefore, the myopic policy without learning dominates its dynamic counterpart. This result again illustrates the importance of incorporating learning into the dynamic portfolio choice.
Having established the economic importance of learning in the dynamic portfolio choice, it is natural to ask whether the gains from incorporating learning can be realized without having to condition on all 11 state variables. A reduction in the number of relevant state variables could make the problem feasible to solve with other numerical solution techniques. Table 8 provides an answer to this question. It compares the portfolio policy with learning from the previous tables, labeled 'L3' here, to two alternative policies for which the investor only conditions on subsets of the 11 state variables. In particular, for policy 'L1' the investor conditions on the coefficients in the first row ofB = (X X) −1 (X Y ) which determine the conditional mean of the stock return (3 state variables including the dividend yield). For policy 'L2' the investor conditions also on the second row ofB and therefore also on the conditional means of the dividend yield (5 state variables including the dividend yield). 'L3' essentially adds the conditional second moments. In all three cases, we assume the investor learns about the entire data generating process.
Panel A of the table shows that the portfolio weights with partial conditioning, 'L1' and 'L2', are somewhat smaller than in the full conditioning case 'L3'. Furthermore, Panel B reveals that the partial learning policies generate a higher certainty equivalent return on wealth than the policies that ignore parameter uncertainty ('C') or ignore learning ('U') in Table 6 . The gains for a 10-year horizon, for example, range from about two to seven percent, depending on the current value of the dividend yield. This result suggests that partially incorporating learning is better than ignoring this aspect of the portfolio choice. More importantly, however, conditioning on all 11 state variables produces additional gains that are substantial in magnitude. For the 10-year horizon, these additional gains range from 10 to 75 basis points per year. We interpret this finding as illustrating the economic value of our solution method. Without our method, solving a portfolio problem with such high-dimensional state space would still be deemed computationally infeasible.
Conclusion
We presented a simulation-based method for solving dynamic portfolio choice problems involving non-standard preferences and a large number of assets with arbitrary return distribution. The main advantage of our approach relative to other numerical solution methods is that our method can handle problems in which the conditional return distribution depends on a large number of state variables with potentially path-dependent or even non-stationary dynamics. The method can also accommodate intermediate consumption, portfolio constraints, parameter and model uncertainty, and learning. Most importantly, our method is easy to implement and works efficiently for large-scale problems.
We first apply the method to the stylized portfolio choice between the stock market and cash when stock returns are either iid or predictable by the dividend yield. We show that our approach replicates the results obtained by previous researchers using alternative numerical methods, giving us confidence in the properties of our method. We then apply our method to the portfolio choice of an investor who realizes that there is some predictability in stock returns but is uncertain about the parameters of the return generating process. The investor learns about the parameters from the realizations of returns and dividend yield and takes into account the effect of learning from these future data in the optimal portfolio choice. We find that there is a negative hedging demand due to learning that reduces the allocation to stocks beyond the already smaller weight due to the parameter uncertainty. We document substantial welfare gains from conditioning on all the state variables required to learn about the distribution of returns. This table describes the approximation error due to the Taylor series expansion of the utility function for a single-period portfolio choice between a stock index and cash. We consider a CRRA investor with relative risk aversion γ and a monthly, quarterly, semi-annual, or annual holding period. The risk-free rate is constant at six percent per year and the excess stock returns iid log-normally distributed with mean and volatility:
Monthly Quarterly Semi-Annual Annual Mean 0.73% 2.22% 4.43% 8.70% StdDev 4.42% 7.91% 11.03% 13.55%
x denotes the exact fraction of wealth allocated to stocks obtained by solving the investor's first-order condition using quadrature integration. x 2 and x 4 denote the approximate solutions from second-and fourth-order expansions of the utility function, respectively. In parentheses is the loss in the certainty equivalent return on wealth due to the approximation, quoted in annualized basis points. This table analyses the portfolio choice between a stock index and cash of a CRRA investor with relative risk aversion γ = 10 when the stock returns are predictable by the dividend yield of the index. The portfolios are rebalanced quarterly and the investment horizon T − t ranges from two quarters to ten years. The risk-free rate is constant at six percent per year and the excess stock returns and log dividend yield evolve as a first-order VAR with parameters given in equation (28). We present results for three current realizations of the dividend yield one standard deviation below, at, one standard deviation above the historical average. For each dividend yield and horizon, we evaluate three policies. 'U' is the unconditional policy, 'M' is the myopic conditional policy, and 'D' is the dynamic conditional policy. The first row in each block is the average across 1,000 Monte Carlo replications. The second row is the standard deviation of across all the Monte-Carlo iterations. Panel A is for the portfolio weight in the stock index. Panel B is for the certainty equivalent return on wealth (annualized) from following the portfolio policy in-sample. The results are based on 10,000 simulated sample paths and a fourth-order expansion of the value function.
Panel A: Portfolio Weights This table compares the portfolio policy of a CRRA investor with relative risk aversion γ = 10 obtained with the simulation method using 10,000 simulated sample paths and a fourth-order expansion of the value function to the solution obtained by discretizing the state space and evaluating the conditional expectations at each point in the state space with 10,000 simulations. The portfolios are rebalanced quarterly and the investment horizon T − t ranges from two quarters to five years. The risk-free rate is constant at six percent per year and the excess stock returns and log dividend yield evolve as a first-order VAR with parameters given in equation (28). For both solution methods, the table shows the optimal fraction of wealth invested in stocks when the dividend yield is equal to its unconditional 25th, 50th, and 75th percentile. This table presents summary statistics for the dynamic conditional policy under three different assumptions about parameter uncertainty and learning. 'C' corresponds to constant parameters, 'N' is for parameter uncertainty without learning, and 'L' corresponds to parameter uncertainty with learning. The portfolios are rebalanced quarterly and the investment horizon T − t ranges from two quarters to five years. The risk-free rate is constant at six percent per year. The investor has CRRA preferences with relative risk aversion γ = 10. Panel A gives the portfolio weights in the stock index. Panel B gives the annualized certainty equivalent return on wealth. Certainty equivalents for 'C' and 'N' policies are evaluated under the 'L' assumption. The results are based on 10,000 simulated sample paths and a fourth-order expansion of the value function.
Panel A: Portfolio Weights 20 -1.39% -0.37% 0.03% -2.28% -1.28% 0.30% -1.97% -1.36% 0.14% 40 -2.80% -3.00% 0.86% -2.00% -2.28% 1.34% -1.27% -1.71% 0.31% This table presents summary statistics for the dynamic conditional portfolio policies for three different conditioning information sets. Policy 'L1' is conditional on the regression coefficients of the return predictability equation only, policy 'L2' is conditional on the regression coefficients of both the return and dividend yield predictability equations, and policy 'L3' is conditional on all of the state variables (policy 'L3' is the same as policy 'L' in Tables 6 and 7 ). The portfolios are rebalanced quarterly and the investment horizon T − t ranges from two quarters to five years. The risk-free rate is constant at six percent per year. This figure presents the portfolio choices between a stock index and cash of a CRRA investor with relative risk aversion γ ranging from five to 20 as a function of the investment horizon. The portfolios are rebalanced quarterly and the investment horizon T − t ranges from two quarters to five years. The risk-free rate is constant at six percent per year and the excess stock returns and log dividend yield evolve as a first-order VAR with parameters given in equation (28). The dashed, dotted, and solid lines represent the optimal allocation of wealth to stocks conditional on the dividend yield being equal to one standard deviation below, at, one standard deviation above the historical average. This figure shows the average conditional second moments of the return and dividend yield across the simulated sample paths for three assumptions about parameter uncertainty and learning. The dashed, dotted, and solid lines correspond to constant parameters ('C'), parameter uncertainty without learning ('N'), and parameter uncertainty with learning ('L'), respectively. The three rows are for moments conditional on the dividend yield being equal to one standard deviation below, at, one standard deviation above the historical average, respectively. The first two columns show the annualized standard deviation in percent and the third column shows the correlation between the return and dividend yield innovations. This figure shows the average correlation across simulated sample paths of three aspects of the conditional mean return with the realized return across simulated sample paths. The columns correspond to the correlations of realized returns from date t to t + 1 with: The three rows are for correlations conditional on the dividend yield being equal to one standard deviation below, at, one standard deviation above the historical average, respectively. 
